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Emergence of an orbital-selective Mott phase (OSMP) found in multi-band correlated systems
leads to a non-perturbative obliteration of the Landau Fermi liquid in favor of a novel metallic state
exhibiting anomalous infra-red (branch-cut) continuum features in one- and two-particle responses.
We use a combination of (1) dynamical mean-field theory (DMFT) using the continuous-time-
quantum Monte-Carlo (CTQMC) solver for a two-band Hubbard model and (2) analytic arguments
from an effective bosonized description to investigate strange metal features in inelastic neutron
scattering studies for cuprates. Specifically, restricting our attention to symmetry-unbroken metallic
phase, we study how emergence of an OSMP leads to qualitatively novel features in (i) the dynamical
spin and charge susceptibilities, and (ii) phonon response in the strange metal, in detail. Extinction
of the Landau quasiparticle pole in the one-electron propagator in the OSMP mirrors the emergence
of critical liquid-like features in the dynamical spin response. This novel finding also underpins
truly anomalous features in phonon dynamics, which we investigate by coupling half-breathing
phonons in the specific context of cuprates to such a multi-electronic continuum. We find good
understanding of various anomalies encountered in experimental inelastic neutron scattering studies
in the near-optimally doped cuprates. We also extend these results in a phenomenological way to
argue how modification of phonon spectra in underdoped cuprates can be reconciled with proposals
for a nematic-plus-d-wave charge modulation order in the pseudogap state. We also study the
issue of the dominant “pair glue” contributions to superconductivity, allowing us to interpret recent
pump-probe results within a strange metal scenario.
PACS numbers: 25.40.Fq, 71.10.Hf, 74.70.-b, 63.20.Dj, 63.20.Ls, 74.72.-h, 74.25.Ha, 76.60.-k, 74.20.Rp
Quantum Phase Transitions (QPT) of increasingly di-
verse types continue to present a fundamental challenge
to our rapidly evolving understanding of theory of elec-
trons in quantum matter1,2. These range from the
famed itinerant type, described by the Hertz-Moriya-
Millis (HMM)1 model, to the local type, based on
Heisenberg-Kondo3 or selective-Mott4,5 models. Finding
of the exotic strange metal phase in cuprates and cer-
tain f -electron systems is by now a fundamental prob-
lem, related to the issue of how strong electronic corre-
lations can cause a basic transmutation in the nature of
elementary excitations in a d > 1 (d is the spatial dimen-
sionality) metallic system, as implied by the change of
the analytic structure of the charge- and spin-fluctuation
propagators from an infra-red pole to branch-cut struc-
ture. Focussing on spin fluctuations, the following issue
arises. In a traditional Hertz-Moriya-Millis (HMM) view
of QCP, the dynamical spin susceptibility (the Fourier
transform of the spin-spin propagator) χ(q, ω) shows the
critically overdamped paramagnon form for certain set
of critical Qs associated with magnetic order. In stark
contrast, anomalous scale-invariant and predominantly
ω-dependent response characterizes the strange metal,
where χloc(ω) ' T−ηf(ω/T ) with 0 < η < 1 is seen. This
form appears in Kondo-RKKY models, but it is necessar-
ily linked to proximity to magnetic order. On the other
hand, the FL∗ theory5 does not need such proximity to
get this form. Experimentally, while unconventional su-
perconductivity (USC) in f -electron systems indeed max-
imises near an antiferromagnetic quantum phase transi-
tion, USC with high-Tc in hole-doped cuprates sets in
and maximises far from an AF-QCP, but close to an opti-
mal doping where a topological Fermi surface reconstruc-
tion (FSR) occurs. Thus, proximity to AF-QCP may not
be a (uniquely) necessary requirement for generating the
soft electronic glue that results in HTSC. This prompts
a set of issues: (i) what are the microscopic origins of
the anomalous spin-fluctuation spectrum in the normal
and the enigmatic pseudogap phases in cuprates, and, in
particular, how are we to understand its specific link to
equally anomalous fermiology and transport in one pic-
ture?, (ii) what non-Landau symmetry-breaking, if any,
underlies emergence of strange metallicity and the pseu-
dogapped metal? and (iii) what are its consequences for
HTSC that peaks precisely around optimal doping in the
strange metal?
These experimental findings and the above discussion
motivate our present work. Specifically, here we study
these by extending previous work on an extended peri-
odic Anderson model6,7. Previous works found either a
FL∗ metal or a local QPT between a heavy LFL with very
small quasi-particle weight (zFL << 1) and a locally crit-
ical metal with zFL = 0 and an anomalous ω/T -scaling of
the local propagators as the ratio Vfc(k)/Ufc was varied.
Similar behavior was also found, due to JH , even ear-
lier8. This was shown to emerge as a direct consequence
of effects akin to the orthogonality catastrophe accom-
panying a selective-Mott localization, a la hidden-FL9 or
FL∗5 theories. The relevance of the emerging branch-cut
singular propagators for understanding strange metal-
licity in cuprates has long been emphasized by Ander-
son9 in what amounts to a kind of local approximation
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2in the U = ∞ fixed point for the Hubbard model. In
a selective-Mott metal, such features arise for a range
of realistic parameters via strong inelastic scattering be-
tween Mott-localized and metallic subsets of the dressed
spectral function. Here, we show how the same selective-
Mottness idea also enables a natural understanding of the
unique branch-cut continuum form of spin fluctuations as
a consequence of the dualistic (itinerant-localized) char-
acter of carriers.
We now describe our formulation for χ(q, ω) for the
EPAM in detail. Begin with the DMFT solution for the
one-electron propagators of the EPAM, defined as be-
fore4,6
H = Hband +Hint +Hhyb (1)
where
Hband =
∑
k,σ kc
†
k,σck,σ +
∑
<i,j> tfff
†
i,σfj,σ, Hint =
Uff
∑
i nif↑nif↓+Ucc
∑
i nic↑nic↓+
∑
i,σ,σ′ Ufcσσ′nifnic
and Hhyb =
∑
k,σ Vfc(k)(f
†
kck + h.c).
Here k, tff are kinetic energies, Ucc, Uff , Ufc are lo-
cal Hubbard interactions (intra and inter orbital) and
Vfc is inter-orbital hybridization terms for c and f elec-
trons respectively. In the f -electron context, this is an
extended periodic Anderson model (EPAM) which incor-
porates the important effect of f -valence fluctuations. In
the context of high-Tc cuprates, models very similar to
Eq.(1) have a long history: originally proposed10 in the
context of marginal-FL theory, they also emerge from
ab-initio quantum chemical (QC) calculations11, as effec-
tive models for nodal and anti-nodal states12, and in the
context of a proposal for the hidden order in the famed
pseudogap phase of underdoped cuprates13. Especially
interesting is the observation that the two-band Hub-
bard model in QC calculations closely resembles Eq.(1)
if we relabel ck,σ → dx2−y2,σ and fi,σ → d3z2−r2,σ (the
small f − f hopping corresponds to the much smaller di-
rect hopping between the d3z2−r2 states compared to that
between dx2−y2 states, and the renormalized hybridiza-
tion is found to be sizable, and to have a d-wave form
factor). Interestingly, this is also precisely the model re-
lated to the one used by Weber et al.13 in the context
of loop-current order being a primary candidate for the
hidden order in the pseudogap phase of cuprates. Thus,
all results and discussions below with model (1) in mind
can be applied to cuprates in the light of the above.
Application of our results to cuprates is thus based
on: (i) applicability of such a two-band model, with
c = dx2−y2 and f = d3z2−r2 rests upon earlier ab-initio
results11, where exactly such an effective model was ex-
tracted from a quantum chemical calculation, (ii) ap-
plicability of single-site DMFT, at least for the strange
metal without the complication of having either short-
ranged spatial correlations (as in cluster-DMFT studies)
or broken symmetry, both of which will be relevant at
lower T . Finally, in recognition of the fact that strange
metal anomalies are seen in optimally doped cuprates,
we start out with partially filled f, c bands (see below
for precise numbers). The quasi-local criticality view
is implicit in both, hidden-Fermi liquid9 and marginal-
Fermi liquid14 views for the cuprates. Thus, our DMFT
approach needs extension in the pseudogap (PG) phase
in underdoped cuprates. In this work, we adopt a phe-
nomenological approach to study the PG phase, and a
full theoretical study of this phase awaits extension of
multi-band-DMFT to include spatial correlations. This
is a demanding task, and is left for future studies.
Here, with these comments in mind, we investigate the
strange metal phase, focussing on dynamical one- and
two-particle responses. Our main results are: (i) for siz-
able U(U ′), we find that both exhibit a critical contin-
uum with infra-red singular behavior up to high energy,
characteristic of the strange metal, (ii) we qualitatively
describe resistivity, optical conductivity and magnetic
fluctuation data in near-optimally doped cuprates with-
out further assumptions, and (iii) we build upon these
positive features to study phonon responses in detail,
providing a novel interpretation of phonon anomalies in
INS data in terms of coupling of bond-stretching phonon
modes to a critical continuum of multi-particle excita-
tions. Further, motivated by recent pump-probe studies,
we also use these results to study the issue of relative
importance of such critical electronic vis-a-vis phononic
glues for pairing in cuprates. We conclude by discussing
how novel local quantum criticality in the OSMP phase
is drastically different from famed Hertz-Moriya-Millis
(HMM) views that obtain close to quantum phase tran-
sitions to quasi-classical (e.g, antiferromagnetic) order.
It is natural to work in the rotated a, b fermion
basis (linear combinations of c, f fermionic operators)
which diagonalizes the non-interacting part of H above).
For the free band-structure, the d-wave form of Vfc(k)
generates a pseudogapped one-electron density-of-states
(DOS) (not shown). The occupancies of the a, b bands
are found to be 0.52, 1.48 at U and U ′(= Uab/3) = 0.
For Ufc < U
(c)
fc a stable strongly correlated LFL phase
was found in earlier work using iterated perturbation the-
ory (IPT) as an impurity solver in DMFT. However, for
Ufc > U
(c)
fc , a selective-Mott metal with an infra-red
branch-cut form of the one-electron propagator, i.e, a
local quantum critical metal, emerged as a consequence
of the strong scattering induced OC. Given the approx-
imate nature of the IPT solver, it is obviously of in-
terest to ask whether these appealing features survive
upon use of a more exact impurity solver. Here, we have
solved H (Eq.1) within DMFT using the much more ex-
act continuous-time quantum Monte Carlo (CT-QMC)
solver. The advantage here is that the local component of
both, one- and two-particle dynamical responses can be
reliably computed, in contrast to IPT where two-particle
responses (susceptibilities) need reliable knowledge of the
fully dynamical but local irreducible vertex. This is
presently a demanding task, unless they can be argued
to be irrelevant, as in large-N approaches to DMFT15.
In the present work, we obtain the full vertex-corrected
two-particle dynamical responses for the EPAM using
3(a)
(b)
FIG. 1. ImGa,b(ω) and ImΣa,b(iωn) as a function of iω for a
two-orbital square lattice with inter orbital hybridization tab
(witha d-wave form factor) are shown as a function of U .
the hybridization expansion-based CTQMC method as
an impurity solver16. This part is based on our earlier
study of an OSMP in a generalized two-orbital Hubbard
model17. Here, we explicitly show that the spin and
charge susceptibilities possess a long-time (in imaginary-
time) quantum-critical form, and use a trick inspired
(a)
FIG. 2. ImΣa(iω) as a function of iω for a two-orbital square
lattice with inter orbital hybridization tab and U = 6.0 at
low T . Clear power-law behavior in ImΣa(iω) = C(iω)
1−η
with η = 0.44, 0.49 for T = 60K, 30K up to high energy
O(0.5) eV, is visible. This is a specific characterization of
strange metallicity.
by conformal symmetry to extract an effective analytic
form in real frequencies. Such a trick has been widely
employed in other contexts5. This will allow us to dis-
cuss transport and magnetic fluctuations in the strange
metal phase, and to discuss underlying microscopic fea-
tures leading to the specific anomalies, in detail.
In Fig. 1, we show the imaginary parts of the one-
fermion Green functions for the a, b orbital states, along
with the corresponding self-energies. It is clear thereby
that as U and (U ′ = Uab = U/3) increase, the semimetal-
lic behavior for U = 0 (due to the k-dependent hybridiza-
tion) changes into a normal, albeit correlated LFL metal-
licity at moderate U . Beyond U = 4.0, however, an
orbital-selective differentiation of electronic states clearly
reveals itself in both ImGa,b(iωn) and ImΣa,b(iωn): the
a-states are in an incoherent metal state, while the b-
states are in the Mott insulating regime. This dualis-
tic feature exists in the whole parameter region 4.0 <
U < 9.0 for the given set of one-electron parameters in
the EPAM, and thus this is an orbital-selective Mott
phase, rather than a QC point. For U > 10.0, we
find that a full Mott insulator phase obtains. Interest-
ingly, the a, b orbital occupancies change continuously
as U and U ′ are raised: at U = 3.0, U ′ = 1.0, we find
na = 0.82, nb = 1.18. This trend persists throughout the
correlated LFL metal regime (U ≤ 4.0), beyond which
(U = 5.0) we find that na = 1 = nb. Remarkably, this
4is a curious manifestation of emergent particle-hole sym-
metry in the OSMP. It directly rationalizes the onset of
selective-Mott physics: the half-filled narrower band (b
states) selectively undergoes a Mott transition, while the
broader (a-band) band states remain bad-metallic. It
is interesting that there are tantalizing hints of such p-
h symmetry around optimal doping from dc Hall data
in cuprates18. Within one-band Hubbard model con-
texts, this has been accounted for by using extended one-
electron hopping integrals beyond nearest neighbors, and
realizing restoration of p-h symmetry at a critical dop-
ing (where the Fermi energy sits at the saddle-point at
K = (pi, 0) in the bare one-electron dispersion). Our
multiband model has inbuilt p-h asymmetry, and it is
very interesting that restoration of p-h symmetry in the
above sense goes hand-in-hand with OSMP and emer-
gence of strange metallic behavior.
Focussing on the OSMP, we now exhibit the a, b-
fermion self-energy, ImΣa,b(iωn), and the full local spin
susceptibility, Imχs(iωn), for the orbital-selective Mott
phase Fig. 1. 2 and Fig. 3. Interestingly, we find clear
evidence of anomalous fractional power-law exponents in
both. In Fig. 2, we see that ImΣa(iωn) ' (iωn)1−η, with
η = 0.44(T = 60K) and η = 0.49(T = 30K). In fact, this
behavior extends up to rather high energies O(0.5) eV,
which is characteristic of a multi-particle electronic con-
tinuum expected to extend to high energies in a quan-
tum critical regime. Remarkably, the local part of the
dynamical spin- and charge susceptibilities also exhibit
infra-red singular and fractional power-law scaling be-
havior, characteristic of the strange metal. We see this
as follows. Using the DMFT(CTQMC) results, we see
that all spin susceptibility (χs(τ)) curves for U > 4.0 al-
most fall on each other and, upon a careful fitting with
a scaling function characteristic for quantum criticality,
we find that χs(τ)/χs(β/2) scales as [sin(piτ/β)]
−(1−αs)
with αs = 0.9 Fig. 3. This is precisely the scaling form
dictated by conformal invariance in the quantum critical
region. It exactly corresponds to the scaling form
χ′′s (ω) ' ω−αsFs(ω/T ) (2)
with Fs(x) = x
αs |Γ( 1−η2 + i x2pi )|2sinh(x/2), whence we
immediately read off that T−αsχ′′s (ω) is a universal scal-
ing function of ω/T , with a fractional-power-law depen-
dence. Such a unique form for the dynamical spin sus-
ceptibility near magnetic QCPs is experimentally seen in
more than a few systems by now, specifically in (not ob-
viously proximate to magnetic order), CeCu6−xAux19,
among others. In cuprates, a similar form has long
been known from early studies of dynamical spin fluc-
tuations20, where αs ' 1, in good qualitative accord
with our extracted exponent. On a theoretical level, ex-
tinction of Landau fermionic quasiparticles in Gb(k, ω)
in the OSMP directly manifests in the emergence of
a critical branch-cut continuum in (one-spin-flip) spin-
fluctuations. Even more interestingly, the dynamical
charge susceptibility also exhibits similar scaling form,
(a)
(b)
FIG. 3. Imχs,c(τ) as a function of τ/β. Both, the dynamical
spin (s) and charge (c) susceptibilities show quantum criti-
cal scaling, with χs,c(τ)/χs,c(β/2) ' [sin(piτ/β)]−(1− αs,c),
with αs(0.9) 6= αc(0.98). Within our numerical accuracy, this
constitutes a high-D realization of “spin-charge separation”.
The inset shows the static local susceptibilities where χc(T )
is more singular than χs(T ) at low temperatures.
but with an exponent αc 6= αs, implying that spin and
charge fluctuations propagate with distinct velocities.
5This is an explicit realization of a high-dimensional spin-
charge separation. This is our central result, and we show
below that it leads to very good accord with the unusual
normal-state magnetic fluctuation spectra and transport
in strange metals. Physically, these features emerge as a
direct manifestation of emergent, critical pseudoparticles
driving the extinction of stable Landau-damped FL-like
collective modes in the strange metal. This is simply
because charge and spin fluctuations are themselves con-
structed from the now incoherent multiparticle contin-
uum, rather than usual Landau quasiparticles.
What is the underlying physical origin of these emer-
gent anomalous features? As in FL∗ or Kondo break-
down theories, emergence of critical liquid-like features
do not need a one-to-one association with proximity to
T = 0 magnetic order, since DMFT only accesses strong
local dynamical correlations. In the OSMP, Vfc(k) plays
an especially distinct role. Explicitly, the tendency of
Vfc to transfer a a-fermion into an b-fermion band is
dynamically blocked in the OSMT. This is because the
lower-Hubbard band now corresponds to all singly oc-
cupied b-states, so action of Vfc must create a doubly
occupied (two opposite-spin electrons in the b-orbital)
intermediate state. However, this lies in the upper Hub-
bard band in the b-sector and thus the resulting term
now has the form V ′fc(ni,b,−σb
†
i,σaj,σ + h.c), which cou-
ples the a-fermion to a Gutzwiller-projected b-fermion,
and thus has no interpretation in terms of a coherent
one-electron-like state any more. In this sector, this is
a high-energy state, and is asymptotically projected out
from the low-energy Hilbert space (space of states with
energy less than the selective-Mott gap). It is this emer-
gent projective aspect that is at the root of irrelevance
of Vfc(k) at one-electron level (thus, this is a Kondo de-
struction4) and emergence of strange metal features we
find above. Thus, we find a mechanism for the destruc-
tion of the LFL picture to be very closely related to the
hidden-FL view of Anderson21. In absence of a lattice
Kondo scale, the hopping of an b-electron from site i to
the bath or vice-versa (and similarly for the a-electron)
thus creates a suddenly switched-on local potential for
the b-electrons. A direct upshot is that the inter-band
spin fluctuations (now local triplet excitons of the type
(a†iσbiσ′ + h.c) with σ
′ = −σ) thus also experience a lo-
cal potential that is (incoherently) switched on and off
as a function of time. The resulting problem is precisely
the inverse of the Anderson-Nozieres-de Dominicis X-ray
edge problem in the local limit of DMFT, and is a cen-
tral feature of Anderson’s hidden-FL theory21. At two-
particle level, this reflects itself in a divergent number of
soft, local spin fluctuation modes, manifesting itself as
an infra-red singularity along with local quantum critical
ω/T scaling and anomalous exponents in the spin fluc-
tuation spectrum. This is completely borne out by our
CTQMC results (Fig. 3) The resulting spin polarizabil-
ity, Π(ω) ' χ−1zz (ω) ' A|ω|1−α in the QC metal, in stark
contrast to Π(q, ω) ' −iaω, known in the heavy LFL
metal. The fully renormalized χ(q, ω) now reads
χ(q, ω) =
1
Π(ω) + J(q)
(3)
where J(q) ' −c+(q−Q)2 + ... (e.g, Q = (pi, pi) for Neel
AFM). At finite T , Π(ω, T ) = ATαf(ω/T ).
Physical Responses In The Strange Metal
Remarkably, it turns out that our results afford a con-
sistent and surprisingly good quantitative description of
both transport and neutron results in the strange metal.
Let us consider the consequences of our numerical find-
ings in more detail in this section, with a specific focus
on cuprates.
(i) The dynamical spin susceptibility shows an explicit
ω/T -scaling with anomalous fractional exponent αs. It
is qualitatively consistent with observations in near op-
timally doped cuprates20, and may also be applicable
to other f -electron systems where there is independent
evidence of the relevance of strong, quasilocal liquid-
like critical fluctuations near destruction of magnetic or-
der. From the form of the dynamical spin susceptibility,
we can also immediately read off that the spin relax-
ation rate in nuclear-magnetic resonance (NMR) studies
will vary very weakly with T , as 1/T1 ' T 0.1 or that
1/T1T ' T−0.9. This is quite close to the measured
1/T1T ' T−1 in near-optimally doped cuprates20.
(i) The fact that ImΣa,b(iω) ' (iω)1−η with (1 − η) =
0.51, 0.56 for T = 30K, 60K allows study of dc and ac
conductivities without any further approximation within
DMFT. This is because irreducible vertex corrections to
the current correlation functions for the conductivities
in the Bethe-Salpeter equation rigorously vanish in this
limit. Transport is now entirely determined by the sim-
ple bubble diagram composed of the full DMFT one-
electron propagators. Explicitly, the dc resistivity is now
ρdc(T ) ' T 2(1−η) = T 1.02 for T = 30K and T 1.12 for
T = 60K. Such an unusual resistivity, ' T , has long been
known as one of the defining features of the strange metal
in cuprates. The optical conductivity can also be read-
ily estimated as σ(ω) ' ω−2(1−η) = ω−1.02, ω−1.12. This
is indeed consistent with data in underdoped cuprates
as well as in the D = 3 122-Fe arsenides22. Interest-
ingly, Akrap et al. associate this with novel self-energy
effects for nodal quasiparticles in UD cuprates. In our
modelling, the nodal-versus-antinodal aspect enters via
the k-dependent f − c hybridization. In our model, this
would correspond to an inter-site hybridization between
dx2−y2 and d3z2−r2 orbitals having a d-wave form factor.
Interestingly, this is precisely the form extracted from
ab-initio quantum chemical calculations, which forms the
basis for our two-band modelling for cuprates (see ear-
lier discussion in context of our choice of H). OSMP are
known to be generic in Fe arsenides by now23, and trans-
port anisotropy24 as well as strain and angle-resolved
photoemission (ARPES)25 studies show clear signatures
of localization of dxz orbital states in UD Fe-arsenides.
6A two-band model such as one we use, but with differ-
ent hopping matrix elements and a different k-space form
factor for the non-local xz − yz hybridization could ex-
hibit similar features in its OSMP phase. Our work now
explicitly links the anomalous optical response, at least
in 122-Fe arsenides, to such an underlying OSMP.
Such results have also been discussed earlier in the con-
text of Kondo-RKKY models and in the FL∗ context.
However, our findings are also somewhat different from
earlier works.
(i) The above constitutes an important difference from
the Kondo-RKKY case, where the power-law fluctua-
tional form is tied down to D = 2. In our case, this
is not at all necessary, since the excitonic singularity re-
sults from the OC that accompanies selective-Mottness
in DMFT, which can happen in D = 3 as well.
(ii) Moreover, though in both cases, the physical rea-
son behind emergence of the critical metal involves criti-
cal Kondo destruction, there is still an important differ-
ence: in the Kondo-RKKY case, it is linked to proximity
to AF order as a fall-out of the Kondo-RKKY competi-
tion. Here, it is caused by the lattice OC due to selective
Mott criticality and not necessarily due to proximity to
AF order.
(iii) Thus, such behavior can be observed near AF
order as a fall-out of selective Mottness, but need not al-
ways be so: it could also arise close to a T = 0 valence
instability (Q = 0): e.g, in β-YbAl4. In fact, strong Ufc
which is necessary to get the local strange metal also im-
plies strong quantum fluctuations of the f -valence. In
the latter case, the appropriate charge (valence) suscep-
tibility will diverge in exactly the same way. At finite-T ,
we have
Π(ω, T ) = AT γg(ω/T ) (4)
with γ = (1− α) and g(x) is a universal scaling function
of x.
Analytical Insight into DMFT Results
This leads to an insight, first formalized by Ander-
son9,26 that we now use to proceed further. We refer
interested readers to Casey and Anderson’s papers for
relevant details used in this section.
Since the local impurity problem can be bosonized
in radial channels on a (1 + 1)D half-line27, χ(q, ω) '
ω−γf(ω/T ) can also be understood, using the Schotte
et al trick27, as arising from a set of radial spin density
tomonagons (collective bosonic modes composed of spin-
and charge density modes) emanating from every local
site in an effective equivalent high-D view of the fermionic
system. In fact, these can be identified with the critical
bosons. Referring back to Schotte et al., one sees, thanks
to the commutation relations [H, b†q] = ω(q)b
†
q in the low-
energy subspace spanned by bosons b, b† defined below,
that the latter must in reality represent critical p-h spin
fluctuation modes: in terms of the a, b fermions, one
has bs,ci = (1/
√
N)
∑
k,k′,a,b=f,c b
†
k,σak′,σ′e
i(k−k′).Ri , with
σ = σ′, σ′ = −σ for charge (c) and spin (s) respectively:
these are precisely the spin- and charge-density (exci-
tonic) variables whose singular fluctuations arise from
the lattice OC in a strange metal. Can we use this rep-
resentation for such novel spin fluctuations to get more
physical insight?
We now find it illuminating to use a slick trick27 to
show how a related analytic procedure can be explicitly
carried out in an especially fruitful way in the selective
metal. In this case, wipe-out of heavy-FL screening by
the lattice OC is implied by the irrelevant hybridization,
Vfc(k) as discussed before. Let us consider how this
physics reflects itself in the tomonagon variables. Us-
ing the definition of the tomonagons as above, we can
write9,26
H ′ =
∑
q
ω(q)b†qbq + (1/
√
L)
∑
q
g(q)(bq + b
†
−q) (5)
where, crucially, the new aspect that enters in the OSMP
is that g(q) = g(q, t) = g(q)θ(t) is now suddenly switched
on as a function of t only in the case where Vfc(k) is ir-
relevant, i.e, precisely in the selective-Mott state. This
is because only in this case do the fermionic spin fluctu-
ation modes in H ′ see a fluctuating field that suddenly
switches on and off as a function of t (this is the two-
particle analogue of the sudden switching-on by Ufc in
the limit of irrelevant Vfc in H). In bosonic lore, Hres de-
scribes spin fluctuation processes: in a scattering process
involving two magnons, the potential seen by a magnon
(b†i ) is time-dependent and strongly fluctuating in the
manner of a step function because the b-fermion occupa-
tion switches suddenly between na = 0, 1 as a function
of time in the OSMP. The origin of this is that, given an
irrelevant Vfc(k), an b-electron can only be transferred
into the bath (making nb = 0, switched off potential)
or to the local site (nb = 1, potential switched on). Via
the definition b†i = (1/
√
N)
∑
k,k′ a
†
k,↑bk′,↓e
i(k−k′).Ri , and
the structure of H ′, it then follows that this potential
is switched on and off in a sudden way as a function
of t. The second part of H ′ thus describes dynamic
spin fluctuations above a quiescent filled sea of tomon-
agons9; we emphasize that this is, after all, a suitable low-
energy representation for spin fluctuations. But H ′ can
now be diagonalized by a27 generalized Lee-Low-Pines
(LLP) shift transformation, yielding the spectral function
g(t) = 〈T [S+i (t)S−i (0)]〉 =exp[
∫ Ω
0
λ2(ω)N(ω)
ω2 (e
iωt − 1)dω].
Here, we have introduced a tomonagon DOS, N(ω) and
Ω ' maxJ(q), and interpreted λ2(ω)N(ω) as a spec-
tral function of the tomonagons. Interestingly, follow-
ing Hopfield28, the choice λ2(ω)N(ω) ' (1 − α)ω re-
produces the IR singularity in χ+−ii (ω). At finite T , an
explicit calculation gives g(t) ' [ sinh(tpi/β)tpi/β ]−(1−α), im-
plying that χ+−ii (ω) will show ω/T -scaling. In partic-
ular, it turns out that at T = 0, we recover precisely
7χloc(ω) ' θ(ω)|ω|−(1−α). In Fig. 4, we show χ(q, ω)
for various q as a function of ω at fixed T and as a
function of T for fixed q = Q = (pi, pi) with J(q)
obtained from the same parameter choice as in earlier
EPAM work. In close correspondence with key findings
in the normal state spin fluctuation spectrum measured
in INS data for strange metals, we observe: (i) anoma-
lously broad continuum response resulting from a branch-
cut, rather than any conventional pole-like analytic struc-
ture of χ(q, ω). Moreover, incoherent magnetic spectral
weight piles up at low energy in a way that respects ω/T -
scaling with Imχ(q, ω, T ) ' A(q)T−(1−α)F (ω/T ) Simul-
taneously, the q-dependence of the INS lineshape is en-
tirely that of the unperturbed Lindhardt susceptibility
of the two-band model, since the spin self-energy, Π(ω)
is purely local, (ii) rigorously vanishing magnon residue,
namely, zm ' (1 − ∂ωΠ(ω)|ω→0)−1 = 0, following from
Π(ω) ' −a|ω|1−α with α > 0, and (iii) a linewidth that
nevertheless decays linearly or sub-liearly with ω, T as
a function of q if we define the spin fluctuation rate,
Γq(ω) =
ωχ′(q,ω)
χ′′(q,ω) = pi(1 − α)ω. Thus, the slope of the
spin fluctuation scattering lifetime is simply related to
the power-law exponent in χ+−ii (ω), a feature which can
be tested in INS work.
0.00 0.01 0.02 0.03 0.04 0.05 0.06
0.0000
0.0005
0.0010
0.0015
0.0020
ΩH eVL
-
Im
Χ
Hq
,
Ω
L
0.00 0.05 0.10 0.15
0.0000
0.0005
0.0010
0.0015
0.0020
ΩH eVL
-
Im
Χ
Hq
,
Ω
L
0.00 0.01 0.02 0.03 0.04 0.05 0.06
0.00
0.01
0.02
0.03
0.04
0.05
ΩH eVL
lin
ew
id
th
0.00 0.05 0.10 0.15
0.00
0.05
0.10
0.15
0.20
ΩH eVL
lin
ew
id
th
FIG. 4. The dynamical spin susceptibility and spin-
fluctuation linewidths for the strange metal phase of
cuprates at various q in the Brillouin zone (0,0)(pi/2, 0)
(pi, 0)(pi, pi/2)(pi, pi)(pi/2, pi/2) of the reduced Brillouin zone at
β = 100 (left panel) and 1000 (right panel).
On the other hand, when Vfc(k) is relevant, the lo-
cal Kondo screening must produce a heavy-FL state at
low T : this corresponds to the quantum paramagnetic
heavy-FL solution found in DMFT for the EPAM for
Ufc < U
(1)
fc in earlier work. In this case, it is known that
one must seek an infra-red solution to H ′ with an adia-
batically slowly switched on g(q, t) instead of a suddenly
switched one, leading, as required, to heavy-FL metal-
licity with small zFL
6,29. This is because, when Vfc(k)
is relevant, an a-electron can now hop coherently from
the site i into the bath and back. We emphasize that
this route to restoration of one-electron Fermi liquid co-
herence is intimately tied down to the fact that coherent
one-electron hybridization (Vfc) in the EPAM now in-
volves both, real charge and spin fluctuations, in contrast
to the classical Kondo scenario, where b-charge fluctua-
tions are suppressed in the infra-red. This manifests itself
in a finite recoil of the b-fermion during scattering, giving
it a heavy but finite mass and cutting off the infra-red
singularity below a low-energy scale Erecoil ' kBTcoh in
both ρa(ω), ρb(ω) in the associated impurity model, and
this is faithfully reflected in our CTQMC results (where
a correlated LFL metal obtains for U ≤ 4.0 eV, as well
as in earlier DMFT work6.
Finally, there is one more possibility. Since the
selective-Mott state must also undergo ordering instabili-
ties at sufficiently low T , if only to relieve its finite T = 0
entropy (when Vfc(k) is irrelevant), the infra-red singular
behavior can also be cut-off by a direct instability to two-
particle coherence. This needs an extension of the above
framework to explicitly include broken symmetry, and
we will present a specific scenario in a phenomenological
way when we study phonon responses in the underdoped
cuprates below.
Phonon Dynamics from INS Results
We now extend the above approach to study vari-
ous features related to anomalous lattice dynamics in
cuprates. In particular, we will focus on (i) inelastic
neutron scattering data, which shows clear anomalies in
phonon dispersions and lineshapes, (ii) the relative im-
portance of the electronic bosonic and phononic contribu-
tions to the pairing glue, and (iii) use of lattice dynamics
studies in underdoped cuprates as a test of hidden or-
der in the pseudogap phase that emerges in underdoped
cuprates.
Inelastic neutron scattering (INS) studies provide valu-
able information on lattice dynamics: in particular, the
phonon lineshapes, dispersions and linewidths can be
extracted from INS data. In the context of high-Tc
cuprates, such studies have been extensively performed
over the years by various groups30. Spurred on by the
need to derive quantitative estimates for relevance of
electron-lattice coupling in HTSC, special attention has
been devoted to various issues. These are
(i) how does the character of lattice dynamics evolve
from the strange metal near optimal doping, as one
crosses over into the famed pseudogap (PG) regime in
the underdoped (UD) regime?
(ii) can changes in phonon spectra provide us with a
handle on the important issue of discerning the micro-
scopic nature of the PG state? Characterizing the PG
state is an extremely controversial subject, with various
competing scenarios extant in literature. These range
from preformed d-wave phase fluctuations without actual
SC coherence31, nematic instability5, circulating-current
order10, d-density-wave32, and stripes33, among others.
Appropriate smoking gun scenarios can greatly aid in
distinguishing between these. In any case, any plausi-
8ble scenario should be constrained by an all-important
known fact: namely, that the PG regime with its possi-
ble novel symmetry-breaking (or lack thereof) must arise
as an instability of the strange metal without Landau
quasiparticles.
(iii) study of lattice dynamics in HTSC has long been
confronted with a set of well-known, but ill-settled issues.
These are:
(1) in UD cuprates, halfway the Brillioun zone, the
half-breathing Cu-O vibration mode seems to suddenly
dip down to a much lower frequency30. The line-
width reaches its maximum at a wave-vector somewhat
shifted from the frequency-dip position, while it nar-
rows at higher temperatures34. A pronounced and little-
understood asymmetry in the spectra for UD cases is
also visible. In addition, the anomaly has a narrow in-
trinsic peak width as function of momentum transversal
to the mode propagation direction. These rather dra-
matic observations have been hitherto addressed within
fluctuating stripe35 and t − J model approaches36, but
revisiting this problem is called for in view of new propos-
als regarding the order in the pseudo-gap phase. This is
because changes in phonon dynamics upon entering the
PG phase must, in the final analysis, be tied down to
possible electronic order (or lack thereof) in that phase.
(2) For cuprates, a rather weak EPI was found, which
alone would not be sufficient to explain the supercon-
ductivity. However, the calculated width of the half-
breathing phonon is an order of magnitude smaller than
the reported experimental value, raising some questions
about the accuracy of the LDA in this context30. In par-
ticular, this points to the need to include strong lifetime
effects in the phonon propagator: the latter can only arise
from incorporation of dynamical fluctuation effects in the
electron-phonon interaction, and the latter is expected to
be particularly unconventional in the strange metal (see
below).
(3) while signatures of polarons are purportedly seen
in undoped cuprates, it is much more challenging to
interpret manifestations of electron-phonon coupling in
the strange metal. This is because the very untenabil-
ity of a low-energy Landau quasiparticle description for
the strange metal inevitably leads to non-trivial features
in extracting such information when the one- and two-
fermion propagators exhibit an infra-red branch-cut sin-
gular structure. Specifically, observation of anomalous
continuum response in the magnetic fluctuation spec-
trum in the strange metal implies that associated features
should manifest in phonon spectra.
Thus, if we wish to extend the analysis of spin and
charge fluctuations above to study phonon spectra, the
interesting and relevant issue we are faced with is whether
(and to what extent) the above issues can be understood
within a theoretical scenario where phonons are cou-
pled to a specific critical electronic continuum as worked
out above. More importantly, we also ask: can we use
changes in phonon dynamics upon entering the pseudo-
gap phase as a tool that can offer an additional valuable
insight into novel order in the PG state? In this section,
we address this issue, as well as the related one of rela-
tive importance of intrinsic multi-electronic and phononic
glues for SC, in some detail.
The free phonon propagator for a D = 2 square lattice
is
D(q, ω) =
2ωq
ω2 − ω2q
(6)
We choose the electron-phonon coupling to reflect the
fact that the coupling reflects electron density modula-
tion by dispersive half-breathing bond-phonons36: the
coupling Hamiltonian is
He−p =
1√
N
∑
k,q
g(q)c†k+q,σck,σ(bq + b
†
−q) (7)
where g(q) = g
√
sin2(qxa/2) + sin2(qya/2) and q =
(qx, qy). Formally, the renormalization of the phonon
propagator is caused by coupling to a particle-hole sus-
ceptibility, χcc(q, ω) in the charge sector. In a Fermi liq-
uid metal, the latter is evaluated from the fully dressed
electronic GFs in a RPA summation involving the fully
renormalized GFs and the bare phonon vertex. Effects
beyond HF-RPA, which result in a dressing of g(q), do
not qualitatively modify that picture. In the quantum
critical metal, however, the finding that the density fluc-
tuation spectrum has no pole structure, but rather a
branch-cut analytic structure in the infra-red (with a
fractional exponent αc distinct from The exponent αs in
the spin fluctuation spectrum) leads us to expect quali-
tatively radical deviations from this traditional picture.
Thus, given a χbb(q, ω) having similar infra-red branch-
cut continuum form as above, we can now readily proceed
to discuss the phonon spectra in our case. The dressed
phonon GF is, as usual related to the density suscepti-
bility as follows:
D(q, ω) =
2ωq
ω2 − ω2q − 2g2(q)ωqχ(q, ω)
(8)
with χ(q, ω) = [χ−10 (q, ω) + J(q)]
−1 and
χ0(q, ω) = C(q)T
−α′h(ω/T ). Here, h(ω/T ) =
χ0(iC/2piT )
α′ Γ(α
′)Γ( 1−α
′
2pi − iω2piT )
Γ( 1+α
′
2pi − iω2piT )
. Here, J(q) =
2J(cosqxa+cosqya) and Γ(x) is the digamma function of
x. In the strange metal, α′ = (1/pi)tan−1(Ufc↑↑/W ) < 1
is the anomalous exponent coming from the infra-red
singular electronic susceptibility as above, and χ0 and
C are adjustable parameters. The phonon lineshape is
now read off as the spectral function of the renormalized
phonon propagator, i.e, it is Aph(q, ω) = − 1pi ImD(q, ω),
while the renormalized phonon dispersion is simply
given by the equation ω2 − ω2q − 2g2(q)ωqχ(q, ω) = 0.
Finally, the phonon damping, measured as the full-width
9at half-maximum of the phonon lineshape, is simply the
imaginary part of the phonon self-energy above. We
present our results in Fig. 5, 6, 7. Several novel features,
germane to extant data, stand out without the need
to make any further assumptions about the electronic
state:
FIG. 5. Renormalized Phonon dispersion relations in the
strange metal phase in the Brillouin zone, ω(qx, qy) at β =
1000. Standard color function has been used for dispersion
intensity (violet having least value and red having highest
value).
(1) Phonon dispersions As mentioned above, in
at least two families (LSCO and YBCO, the latter at
doping levels unrelated to any putative stripe-like in-
stabilities), the half-breathing dispersive bond-phonon
mode shows anomalous softening half-way across the
Brillouin zone, followed by an anomalous growth of the
linewidth at a slightly different wave-vector. This is par-
ticularly obvious in Figures (2),(4) of Reznik et al.30,
where the phonon dispersion shows a completely unan-
ticipated and severe bending from its LDA counterpart.
While this should be interpreted as being caused by cou-
pling of the phonons with appropriate symmetry to elec-
tronic fluctuations, large damping and associated asym-
metric lineshapes show that this likely involves strong
coupling to electronic excitations that are themselves
strongly damped. Our contention is that these electronic
modes are precisely those associated with the anoma-
lously damped electronic continuum derived above. Our
results bear out this expectation quite satisfactorily. It
is indeed quite satisfying that the phonon dispersion
shows a sharp drop (actually, a jump in ω(q)) precisely
somewhat midway across the Brillouin zone, both along
q1 = (h, 0, 0) and along q2 = (0, k, 0), corresponding to
Figs.(2),(4) of Reznik et al. This feature arises simply
0 1.5708 Π
0
1
G-X
0 1.5708 Π
-1
0
X -M
0 1.5708 Π
-1
0
1
G-M
FIG. 6. Renormalized bond-stretching phonon dispersions
along different high symmetry directions of the reduced Bril-
louin zone at β = 1000. The severe downward bending of
the phonon dispersion midway the Brillouin zone along both
q1 = (h, 0, 0) and q2 = (0, k, 0) is in very good qualitative
accord with data of Reznik et al.30, as explained in the text.
due to coupling of the half-breathing phonon to an infra-
red critical multielectronic continuum in our picture. The
attractive feature of the present work is that, apart from
coupling to a collective fluctuation spectrum of (anoma-
lously overdamped) fermionic origin, no other assump-
tions are needed. To the extent that this anomalous
fermionic fluctuation spectrum is also consistent with a
host of unusual observations in the strange metal, this ac-
cord lends additional support to the notion of an anoma-
lous locally critical fluctuation spectrum in the strange
metal.
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FIG. 7. Renormalized Phonon lineshapes and linewidths
as functions of various q in the Brillouin zone.
(0,0)(pi/2, 0)(pi, 0)(pi, pi/2)(pi, pi)(pi/2, pi/2) of the reduced
Brillouin zone at β = 100 (left panel) and 1000 (right panel).
Asymmetry in the lineshapes as well as a “Fano”-like peak
at low energy is also clearly visible.
(2) Phonon Lineshapes Associated anomalous fea-
tures are also visible in phonon lineshapes, also shown
in Fig. 7. A noticeable asymmetry, centered around the
(main) phonon peak at 60 meV is visible. In a Fermi
liquid, such asymmetry is not expected. More dramati-
cally, an anomalous and incoherent shake-up feature is
also found in our calculation around ω = 0, and the
phonon spectral function is thus composed of (i) a strong
feature around the phonon frequency, shifted somewhat
from its bare value and anomalously broadened, espe-
cially at lower T . This is the direct effect of the phonon
self-energy. A direct prediction following herefrom is that
the phonon linewidth should show appreciable damping
at a wave-vector somewhat different from that where
the dispersion shows the anomaly in (1) above. Thus,
the direct effect of coupling to a critical multielectronic
continuum is that the phonon lineshapes will also ex-
hibit anomalies. It would be very interesting to analyze
the prediction of a specific Fano-like shake-up feature in
phonon lineshapes, but we remain unaware of systematic
studies along these lines. The key stumbling block seems
to be the limit of resolution in actual INS studies: since
the shake-up feature is very small compared to the main
phonon peak, it will probably be completely obscured
by the background signal in reality. But another key
prediction, that of measurable asymmetry in the main
phonon lineshape, could be more readily resolved with
state-of-the-art facilities. Appreciable phonon damping
is also clearly seen in our results, and is qualitatively
consistent with the large order-of-magnitude discrepancy
between LDA estimates and neutron data for phonon
linewidths30.
(3) Finally, our results for the electronic susceptibil-
ity and phonon lineshape can be directly used to esti-
mate the pairing glue function contribution from both
processes. The relative contributions from purely elec-
tronic and phononic channels to the high-Tc values in
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FIG. 8. Multi-electronic and bosonic contributions to the
pair-glue functions, along with the total glue function at β =
100 (left panel) and 1000 (right panel). At low T , the contri-
bution of the multi-electronic glue is an order-of-magnitude
larger than that due to bond-stretching phonons, in good ac-
cord with quantitative estimations from pump-probe data (see
text).
cuprates has been a subject of various detailed analy-
ses30,37. However, the relative importance of these pro-
cesses has never, to our best knowledge, been consid-
ered within the strange metal hypothesis, though cluster-
DMFT studies indeed go a long way toward showing the
dominant importance of a purely electronic pairing glue.
Clearly, this is an important constraint on theoretical
scenarios, and here, we present our attempt to fill in this
breach.
Within our analysis above, the pair glue function
is simply a sum of two contributions, (i) from the
purely electronic collective modes, written as α2eFe(ω) =
J2
∑
qImχ(q, ω), and a phononic part, which is simply
α2pFp(ω) =
∑
q g
2(q)ImD(q, ω). In Fig. 8, we show these
contributions and the total pair glue function, which ex-
hibits several interesting features.
First, α2eFe(ω) at low T clearly exhibits the singu-
lar branch-cut continuum form ' ω−µ inherited from
the strange metal. This is precisely the contribution
expected from a quantum critical fluctuation spectrum,
whose origin (in our picture) is the critical (incoherent)
continuum that arises due to the underlying inverse or-
thogonality catastrophe in the selective-Mott state in
the fermionic (DMFT) theory. Interestingly, though the
phononic contribution is not negligible, it is clearly much
smaller (almost by an order of magnitude) than the
purely electronic one. Though a full theoretical estimate
of these glues to Tc must involve treatments beyond the
Eliashberg scenario38, we can readily make qualitatively
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reasonable order-of-magnitude estimates using the above
results. However, one needs to take into account the fact
that having λe(ω) = α
2
eFe(ω)/ω ' J2Imχ(ω)/ω makes
this case qualitatively different from a BCS-Eliashberg
one, where λ(ω) is constant at low energy. Specifically,
retardation effects are much more subtle when the pair
glue is dominated by a massless (critical) electronic bo-
son. Fortunately, the singular-glue case has been recently
analyzed by Moon et al.. The pairing scale, denoted T elp ,
increases monotonically as the quantum critical regime
is approached from the disordered side. However, the
contribution to the actual SC T elc from the electronic
continuum, estimated following Moon et al., is given by
T elc ' EF . e−pi/2
√
λ, enhanced above its BCS value.
Thus, this strong coupling view gives two different scales:
one associated with pair formation without pair coher-
ence (at Tp) and the second with long-range pair co-
herence (T elc < Tp), where actual SC occurs. However,
the contributions from phonons can be qualitatively es-
timated within a more traditional BCS-Eliashberg for-
malism, since Fp(ω) does not exhibit low-energy singular
behavior. Inserting the order-of-magnitude values from
Fig. 8, it is easy to convince oneself that the contribution
of the electronic (“bosonic”) continuum to Tc is about an
order-of-magnitude higher than that of phonons. Thus,
our findings are also in full accord with other theoretical
and experimental37 estimations on relative importance of
electronic and phononic glues in cuprates.
Pseudogap Regime
Our treatment has hitherto relied on the existence
of strange metallicity, and thus restricted to the near-
optimally doped regime. Upon underdoping, even more
drastic deviations from Fermi liquid theory in thermal
and transport responses characterize the famed pseudo-
gap regime.
(1) inelastic neutron scattering clearly reveal sizable
1D-like anisotropy in magnetic excitations around the
AF ordering wave-vector Q = ((pi/2, pi/2), in a magnet-
ically disordered phase below 150 K in the UD phase.
That this anisotropy is most likely associated with an
intrinsic electronic instability is suggested by the obser-
vation that it greatly exceeds estimates based on purely
structural anisotropy, and, more crucially, by the finding
that it follows the T and x dependence of the inplane
resistivity anisotropy39.
(2) more recent structural measurements by Fujita et
al.34 also finds a d-wave modulation of the charge density
distribution in the UD cuprates. Interestingly, both, this
modulation and nematic signatures in (1) above, appear
to vanish precisely around the same doping close to op-
timal doping, making them attractive candidates for the
hidden order in the UD cuprates. It must be emphasized
that both these orders can co-exist on purely symmetry
grounds, and, indeed, that one follows the other.
(3) simultaneously, however, Nernst effect data18 ap-
pear to indicate a strongly fluctuating, preformed cooper
pair phase without actual superconductive order. This
has been studied in detail by various groups40,41 with
good success.
(1)− (3) pose an additional set of questions. How can
we conceive of (1), (2) arising as direct instabilities of the
strange metal found around optimal doping? Are they
in irreconcilable conflict with (3), which has also been
successfully used to rationalize a variety of data?
Within our approach as described above, we proceed
as follows. Since the local strange metal found within
DMFT has a finite residual entropy, this state must even-
tually find a way to relieve this entropy as T → 0. If one-
electron hybridization were eventually relevant, quench-
ing the entropy would necessarily involve eventual screen-
ing of the selectively Mott-localized magnetic moment
via the local Kondo effect (this is indeed what happens
in the EPAM for small enough Ufc). However, since
Vfc(k) is irrelevant in the strange metal, the system must
quench its residual entropy by generating a long-range or-
dered state via a two-particle instability, directly from
the strange metal. In analogy with what happens in
coupled D = 1 Luttinger liquids and following earlier
ideas of Anderson21, we have proposed6 that increasing
relevance of inter-site correlations between neighboring
impurities of the DMFT problem generates an effective
residual and non-local two-particle interaction in the lo-
cal version of the strange metal. As in the coupled D = 1
chains case, this allows for a direct instability of the local
critical metal to ordered states. As worked out before,
this residual two-particle interaction is
Hres ' −
V 2fc
Ufc
∑
k,k′
γ(k)γ(k′)(b†k,σ)akσa
†
k′σ′bk′σ′+h.c) (9)
which is also
Hres ' −
V 2fc
Ufc
∑
k,k′
γ(k)γ(k′)[b†kσ(δkk′δσσ′−a†k′σ′akσ)bk′σ′+h.c]
(10)
and has a separable form in k-space. Within the lo-
cal approximation, it is now fully legitimate to decouple
Hres (which scales like 1/D) in a Hartree-Fock approx-
imation in both particle-hole (p-h) and particle-particle
(p-p) channels. The result is
Hmfres = −J ′
∑
k
[∆ph(k)b
†
kσakσ+∆pp(k)b
†
kσa
†
−kσ′+(1−〈nk,a,σ〉)nk,b,σ]
(11)
and, since both ∆ph(k),∆pp(k) arise from the same set
of a, b fermionic states involved in Hres, it follows that
they necessarily represent competing p-h (density-wave)
and p-p (superconductive) orders. Additionally, the
12
last term in Hres above results in electronic anisotropy
mfrom the outset, yielding an electronic nematic that
co-exists with ∆ph 6= 0. It is crucial to notice that, with
γ(k) =(coskx−cosky), both p-h and p-p instabilities are
of d-wave type. The p-h order parameter is the average
∆ph(k) = 〈γ(k)a†kσbkσ〉 while the p-p order parameter is
∆pp(k) = 〈γ(k)b†kσa†−k,−σ〉. The first represents a d-wave
charge density modulated order. As advertized above
and previously noted by Kee et al., such a d-density mod-
ulation, expressed as ∆d,ch(q) =
∑
k γ(k)b
†
k+q,σakσ, will
also necessarily follow a finite ∆ph(k) (and vice-versa)
on purely symmetry grounds. Thus, starting from the
strange metal, we have derived an effective residual in-
teraction which exposes both, the instability to a d-wave
superconductor, as well as to a competing p-h or exci-
tonic instability to a state with a d-wave density mod-
ulation and intra-cell nematicity, in qualitative accord
with recent structural analyses34.
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FIG. 9. The dynamical spin susceptibility and
spin-fluctuation linewidths for the underdoped
cuprates at various q in the Brillouin zone
(0,0)(pi/2, 0)(pi, 0)(pi, pi/2)(pi, pi)(pi/2, pi/2) of the reduced
Brillouin zone at β = 100 (left panel) and 1000 (right
panel). Phenomenological introduction of a nematic-plus-d-
wave modulation electronic order suppresses the infra-red
singularity in spin-fluctuations in a momentum-dependent
way.
With this insight, we now return to the question posed
before: can we use the changes in phonon spectra in
the PG phase to gain insight into possible novel elec-
tronic order (or lack thereof) in UD cuprates? From the
above analysis, it is clear that, if a hidden order related
to ∆ph(k) 6= 0 indeed develops in the PG state, now to
be interpreted as a direct instability of the strange metal,
this will immediately lead to modification of the inter-site
and multi-band two-particle interaction in an anisotropic
way, thanks to the d-wave form factor in Hres. At the
most basic and non-self-consistent level, this directly im-
plies an effective d-wave contribution to the two-particle
sector (self-consistency in a fully microscopic fermionic
model will, of course, affect the result quantitatively but
not qualitatively). Adopting a purely phenomenological
view, we introduce such a term by hand in our approach:
having d-wave density modulation plus electronic ne-
matic order will directly introduce anisotropy in the dis-
persion as Jeff (q) = J(cosqx+cosqy) + δJ(cosqx−cosqy),
with δJ being linearly related to J ′ above. Recalculat-
ing the neutron scattering lineshape and phonon disper-
sion as well as lineshapes above allows us to analyze the
changes in these responses and gauge the extent to which
they offer a rationalization of features mentioned before.
We show the re-computed results, representative for the
PG phase, in Fig. 9, 10.
Inelastic Neutron Scattering Lineshape Our
main results for χ′′(q, ω) are shown in Fig. 9. The first ob-
servation is that the infra-red singular feature seen for the
strange metal is immediately cut-off by the appearance
of the d-wave pseudogap scale (which is of order jδ on the
scale of 50 meV in actual UD cuprates), the latter now
being introduced by a finite ∆ph(k),∆d,ch as above. As
also expected, the d-wave nature inherent in Hres leads to
significant variation with q, and the resulting anisotropy
in the magnetic fluctuation spectrum with respect to qx
and qy is clearly reflected in the results. Specifically,
the response around Q = (pi, pi) remains sharply peaked,
but significant suppression of magnetic spectral weight
for q 6= Q stands out as a manifestation of anisotropic
spin-gap formation. Concomitantly, increased damping,
resulting in even less well-defined spin fluctuation modes,
except for q = Q, is also visible. These are direct conse-
quences of the proposed d-wave nematic-plus bond-order,
which spontaneously breaks the discrete four-fold C4v ro-
tation symmetry. It is important to point out, however,
that all we need to obtain such a result is a finite intra-cell
nematicity, but not necessarily a true long-range nematic
order (sometimes dubbed fluctuating order in literature).
So strictly speaking, this accord in our phenomenology
cannot distinguish between strongly dynamically fluctu-
ating nematic correlations and nematic order, but it is
not inconsistent with true electronic nematic order ei-
ther. More analysis is thus needed to clinch this issue.
Phonon Spectra in the d-PG state Concomitantly,
phonon dynamics is also drastically modified by emer-
gence of d-wave p-h instabilities in the PG phase. We
show the phonon dispersions Fig. 10, 11, lineshapes, and
linewidths Fig. 12 assuming finite ∆ph(k). In particu-
lar, we focus on the change in phonon dispersion within
the scenario of an instability to d-wave nematic-plus d-
wave density modulation. The Fig. 10 clearly shows that
the main effect of this instability is to introduce a clear
anisotropy in phonon dispersions. Since δj > 0, the dis-
persion of magnetic excitations (neglecting lifetime ef-
fects coming from the anomalous spin self-energy) will
be J(qx, qy) = (J + jδ)cosqx+ (J − jδ)cosqy. This means
magnetic excitations are more dispersive along the a-axis
and less so along b: this is a consequence of the d-wave
form of the residual interaction derived above. One thus
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FIG. 10. Renormalized Phonon dispersion relations in the
pseudogap phase in the Brillouin zone, ω(qx, qy) at β =
1000. Clear momentum-dependeent anisotropy, along with
clear anomaly in the dispersion along qy in good accord with
data of Pintschovius et al.42 is clearly visible. Standard color
function has been used for dispersion intensity (violet having
least value and red having highest value).
expects that the bond-stretching phonon mode will cou-
ple more efficiently to electronic excitations along b, and
this is fully borne out by our results. Remarkably, we
find a clear anomaly in the phonon dispersion along b
but not along a. It is very interesting to observe that
the anomaly occurs in a direction perpendicular to the
one along which electronic excitations are more disper-
sive, a finding fully consistent with that of Pintschovius
et al.42. As they have emphasized, this is inconsistent
with a stripe scenario. However, we have now shown
that it is qualitatively fully consistent with having intra-
cell nematic-plus d-bond charge density modulated order
in the UD phase. Thus, our results offer an attractive
possibility to distinguish between different scenarios for
the hidden order of the PG phase by appealing to analy-
sis of phonon spectra. In the specific context of cuprates,
the accord we find is corroborating evidence in favor of a
coupled d-nematic-plus d-bond charge density modulated
order in the UD cuprates, and reconciles phonon spectra
with recent structural findings34.
What about Preformed-Pairs?
How does one reconcile extensive observations of pre-
formed cooper-pair regime with findings above? Exten-
sive evidence of pre-formed cooper paired bad-metallic
state is well documented in the PG phase. Let us now dis-
cuss a possible resolution of this seemingly irreconcilable
conflict within our idea. Focussing on the form of Hres or
Hmfres , we see a remarkable emergent symmetry that may
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FIG. 11. Momentum selective phonon dispersions along dif-
ferent high symmetry directions of the reduced Brillouin zone
at β = 1000. Once more, the phonon dispersion shows severe
downward bending at a wave-vector somewhat less than half-
way the Brillouin zone as one moves along the path Γ−M−X
in the Brillouin zone.
hold the key to our argument. Introducing a s-wave spin-
singlet pairing operator, ∆s,sc =
1√
2
∑
k,σ σb−k,−σbkσ,
we easily see that it rotates ∆d above into ∆d,sc:
[∆s,sc,∆d] = ∆d,sc (12)
The crux is now that short-range correlations associ-
ated with ∆s,sc also appear in the PG phase, thanks to
the two-particle couplings between a, b fermions in Hres
(remember that the sum is over both a, b orbital indices).
So having finite intra-cell nematic correlations in the PG
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FIG. 12. Renormalized Phonon lineshapes and linewidths at
different q points (0,0)(pi/2, 0)(pi, 0)(pi, pi/2)(pi, pi)(pi/2, pi/2)
of the reduced Brillouin zone at β = 100 (left panel) and
1000 (right panel).
phase immediately implies, from the above Eq., that this
phase will also be characterized by finite d-wave pair cor-
relations, but without actual phase coherence. A similar
situation also obtains in the FL∗ scenario5 in the context
of a fractionalized phase where a spin liquid asymptot-
ically decouples from metallic fermions. By itself, this
observation is thus not at all inconsistent with the obser-
vations of preformed pair-fluctuation signatures in the
PG regime. It provides a natural reconciliation of ob-
served preformed d-wave pairing with the proposal of a
“hidden” intracell Ising-nematic-plus d-wave charge mod-
ulation order in the PG phase.
Electronic and Phononic Pair Glues
The changes in the magnetic fluctuation and phonon
spectra upon emergence of intracell nematic-plus dwave
density modulation order in UD cuprates must affect the
total glue function, α2F (ω) = J2Imχe(ω) + g
2ImD(ω)
defined before. That this is indeed the case is shown in
Fig. 13. As one would expect, the cut-off of the infra-red
divergence in χe(q, ω) in the PG phase cuts-off the corre-
sponding feature in the glue function contribution from
electronic bosonic excitations. By itself, this directly im-
plies a reduction in the SC Tc upon under doping. The
underlying reason for this is clear from the observation
that intracell nematic-plus d-charge density modulation
competes with d-wave SC, since both instabilities arise
from the same set of carriers, via the residual interac-
tion term. It must be mentioned that though we have
been able to rationalize the reduction of Tc within our
semi-phenomenological approach, a definitive resolution
of this issue awaits a fully microscopic calculation includ-
ing Hres in the corresponding fermionic model within
DMFT or cluster-DMFT approaches. This remains out
of scope of the present study. However, it is encourag-
ing that a nematic instability as proposed here is indeed
found in recent cluster-DMFT studies of the D = 2 Hub-
bard model43. In view of our analysis, an attractive fea-
ture is that such a hidden order in the PG phase arises
as a natural instability of the strange metal via the pref-
erential dominance of intersite pair-hopping interactions
in the p-h channel.
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FIG. 13. Multi-electronic and phononic contributions, and
the total glue function for the underdoped case at β = 100
(left panel) and 1000 (right panel). Clear reduction in the
critical multi-electronic occurs as a result of depletion of low-
energy spectral weight, compared to the case for the strange
metal. Reduction of SC Tc upon underdoping could be driven
by this effect.
Discussion and Implications
What distinguishes our view from extant ones? In itin-
erant HMM views, the spatio-temporal build-up of AF
spin correlations near a T = 0 AF QCP can, under cer-
tain conditions, give χloc(ω) ' ω−η with η = 1/2, 1/338.
Alternatively, in a Kondo-RKKY formalism, one finds
χloc(ω) ' ω−γ with an interaction-dependent γ3. In both
cases, however, this behavior is intimately tied down to
proximity to a T = 0 AF QCP, even though it is accom-
panied by breakdown of the Kondo effect by competing
intersite RKKY couplings in the latter case. In stark con-
trast, similar behavior found in our selective-Mott mech-
anism is not necessarily associated with proximity to any
T = 0 AF criticality: the only quantum criticality in-
volved here is that of proximity to the T = 0 end-point
of the line of first-order (liquid-gas universality) selective-
Mott transition: this implies a divergent compressibility
and leads to destruction of Fermi liquid theory by cou-
pling fermions to the associated soft collective electronic
excitations. What we have shown here is that the inverse
orthogonality catastrophe that acquires a rigorous mean-
ing in the local problem of DMFT for the selective metal
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also provides, remarkably enough, a natural explanation
for the anomalous scale-invariant magnetic fluctuations
of the strange metal without having to invoke proximity
to any T = 0 AF QCP. Further, since DMFT can yield
a strange metal phase for a range of parameters in the
EPAM, such anomalous spin correlations can exist over a
range of tuning parameters in practice. This is an attrac-
tive option when one considers cases like the optimally
(hole)-doped cuprates and β-YbAl4, which show features
consistent with a quasi-locally critical χ(q, ω) without
any obvious proximity to T = 0 AF order. On the other
hand, evidence for Fermi surface reconstruction (FSR)
in both the above cases2,44 supports our argument link-
ing these anomalies with selective-Mottness, where such
FSR must indeed occur. Though such FSR can also be
rationalized within HMM and Kondo-RKKY views, they
must be associated with the T = 0 AF QCP in those
cases, as mentioned before. In our case, the FSR in-
volves a topological aspect of Mott physics, namely, pen-
etration of zeros of Gbb(k, ω) in EPAM to where poles
would have been in the normal metal12, and has nothing
to do with the FSR involving AF order. However, in cases
where the unquenched local moments in the OSMP can
(as mostly happens) order, the FSR will coincide with
the magnetic instability. Since it is ubiquitous for spins
to order in (insufficiently geometrically frustrated) real
cases like cuprates and f -electron systems, it is hard to
disentangle the roles of OSM physics vis-a-vis AF order
in the FSR that is widely known to occur near QCPs in
those cases.
The anomalous spin- and charge-fluctuation contin-
uum responses we find are an attractive and novel choice
for an intrinsically multi-electronic glue that can in-
duce an unconventional superconductive (USC) coherent
state. Indeed, suggestions for unconventional d-wave SC
due to diverging AF spin correlations with an effective
dynamic pairing interaction of the form Veff ' J2χ(ω) '
1/ωη exist38. Once again, in contrast to views where such
a bosonic glue is associated with quantum critical fluctu-
ations linked to destruction of AF order, the multiparticle
incoherent glue function proposed here bears an intimate
connection to breakdown of LFL theory at an OSMP. It
is intrinsically quantum critical in the sense of being a
two-particle continuum that is inherently unstable to a
T = 0 USC state. Finally, in contrast to a normal BCS
instability, involvement of selective-Mott physics in emer-
gence of local critical features (implying that both inco-
herent metallic and Mott localized fermions participate
in pairing via Hres) naturally means wild pair-phase fluc-
tuations from number-phase uncertainty principle, sup-
pression of the mean-field SC Tc while preserving the
pair amplitude, and thus strong preformed pair fluctua-
tion regime above Tc: thus, this is, as expected, an in-
trinsically strong-coupling (non-BCS-Eliashberg type38)
instability of the strange metal. Actual computation of
the instability is much more involved in this case, owing
to the fact that the pairing kernel requires the full form of
χ(q, ω) over the entire energy range: this is out of scope
of our analytic approach.
There are more ways to further elucidate the uncon-
ventional nature of the underlying quantum criticality
in our case. In the selective-Mott state, below the
selective-Mott gap, we find an emergent local Z2 symme-
try [exp(ipini,b), H] = 0 for all i, arising from [ni,b, H] = 0
for all i. This is an effective low-energy symmetry in the
b-fermion sector in the OSMP. This feature is reminiscent
of what happens in the celebrated Kitaev model45, where
a Z2 symmetry is exact rather than emergent, and maybe
it is now no surprise that extreme short-range spatial cor-
relations and X-ray-edge related behavior in χ(q, ω) rig-
orously characterize spin correlations there as well46,47.
However, in this case, infra-red power-law singular be-
havior results in stark contrast to the Kitaev case, where
the Dirac fermion spectrum suppresses singular behavior.
Nevertheless, there are deeper analogies and connections
with confinement-deconfinement (C-DC) transition(s):
in our case, lack of a-fermion quasiparticles requires Mott
localization of b-fermions, while itinerant b-fermions im-
ply a correlated FL metal. In the language of fermions
coupled to a fluctuating Z2 gauge field as defined above,
the former corresponds to a quasistatic gauge field, while
the latter corresponds to the gauge field fluctuations ac-
quiring dynamics with a timescale set by ~/kBTcoh (recol-
lect that Tcoh is finite only when Vfc(k) is relevant at one-
particle level). The exotic confinement-deconfinement
(quantum) criticality that should be linked to this is thus
once again - unsurprisingly - related to relevance or oth-
erwise of Vfc(k): As long as Vfc remains irrelevant (this
can well be the case upto very low T in practice, and often
pre-empted by direct instabilities of the incoherent metal
we find to ordered state(s)), this local Z2 symmetry will
control the physical response of the system. An interest-
ing issue is to inquire about a possible link to fractional-
ization ideas. Since we have seen that non-FL vis-a-vis
FL metallicity is caused by an irrelevant (non-FL) vis-a-
vis relevant (FL) Vfc(k), the confinement-deconfinement
transition in the b-fermion sector is now tied down to the
underlying selective-Mott transition in the b-fermion sec-
tor, since there is no question of having fractionalization
in the heavy FL phase. More work is called for to see
whether this is correct, or whether the exotic excitations
represented by the emergent branch-cut form of χ+−ii (ω)
at the OSMT admit no particle description at all48 - this
is also a known generic tendency at QCPs. However,
along with Fermi surface reconstruction (involving pen-
etration of zeros of the Green function to where poles
would have been in the heavy-FL), the above arguments
hint at an exotic topological criticality underlying our
findings. These connections will be explored separately.
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